Recently, there has been much interest in the pair production of charmonia. One of the main motivations behind these studies is that the production of quarkonium pairs is expected to receive an important contribution from the double parton scattering (DPS) production mode. A large effective cross-section eff is found from the empirical analysis of the / -pair production -about a factor 2.5 smaller than the usually accepted eff = 15 mb. Here, we present the recent results of our calculations of the pair production, mainly in the single parton scattering (SPS) mode. An important feature is that the single-gluon exchange mechanism can to some extent mimic the behavior of the DPS production.
Introduction
The production of / -pairs has been suggested as a probe of the double-parton scattering (DPS) processes [1] . More generally, the DPS production mode is expected to be especially important in the charm sector [2] . Therefore, recently, there has been much interest in the quarkonium pair production in proton-proton collisions also from the experimental side. Among others, the cross-sections for the production of / -pairs were measured at the Tevatron [3] and the LHC [4] [5] [6] [7] .
A number of puzzles remain with these data, however. For example, the single parton scattering (SPS) leading order of ( 4 ) (see, e.g., [8, 9] ) does not describe well all the kinematic distributions in the case of the ATLAS and CMS data. Especially, when the rapidity distance Δ between two / mesons is large, it falls short of experimental data. If one ascribes the whole discrepancy to DPS processes, the normalization of DPS comes out a factor ∼ 2.5 larger than in other hard processes. It is still an open issue at the moment whether this points to a nonuniversality of DPS effects or whether there are additional single parton scattering mechanisms not taken into account up to now. This problem motivated our recent studies of the -pair production in the -factorization [10] and of the production of -pairs associated with a gluon (jet) in the collinear factorization [11] . We summarize these works in this contribution.
Production of -Pairs
In the standard hard scattering approach, the crosssection of the production of a pair of quarkonia , is calculated from a convolution of parton densities with a parton-level cross-section (see the left diagram in Fig. 1 ). However, at high energies, favored by a rise of the gluon distribution at small , there is a sizable contribution from processes in which two or more hard processes proceed in the same proton-proton collision (see the right diagram in Fig. 1 ). One commonly assumes the factorized ansatz for the production cross-section in the DPS mode: The DPS cross-section is written as a product of the inclusive single-particle spectra, and the cross-section is normalized by the "effective cross-section" eff . The latter is not the cross-section for a specific processthe real parameter is rather its inverse, which is related in the simplest model to the overlap of parton densities in the transverse plane, (b):
The salient features of DPS are obvious from Eq. (1). Important for us is the observation that each of the single particle spectra is a fairly broad function of , . Thus, the DPS distribution in rapidity distance Δ = − will be very broad as well. As far as the effective cross-section is concerned, it is usually taken in the ballpark of eff = 15 mb, which is within the line of a fair amount of hard processes, see, e.g., a table in [5] .
In the case of / -pair production, the lowest-order "box-diagram" mechanism suggests a very clean separation of SPS versus DPS modes. Indeed, the explicit calculations performed in the -factorization [9] show that the / -pair distribution is sharply peaked around Δ = 0.
A main point of this presentation is the fact that the situation looks completely different in the case of production of a pair of mesons. Indeed, the states, which come in three different spins = 0, 1, 2 have positive -parity and thus couple to two gluons in a color singlet state. Hence, the mechanism of Fig. 2 with the -channel exchange of a single gluon is possible. It is well understood that it will lead to a → cross-section independent of the cm-energy in the high-energy limit. The matrix element for this process thus puts no penalty on a large rapidity distance Δ between the -mesons.
The relevant amplitudes can be obtained from effective * * → vertices for the fusion of two spacelike off-shell gluons. These have been obtained in Ref. [10] for all possible spin-states of the family. We also performed calculations in the factorization including the transverse momenta of incoming gluons. In the upper panel of Fig. 3 , we Fig. 4 . Feynman diagrams for the production of a -pair associated with a gluon Fig. 5 . Distribution in rapidity between 0 mesons (top panel) and 2 mesons for the following different processes: Born-level production of -pairs, production of pairs with a leading gluon, and production of -pairs with a central gluon show the distribution in rapidity distance Δ between mesons. Note that we only show, as an example, the production of pairs of identical mesons, the full array of all possible combinations can be found in Ref. [10] . In the lower panel of Fig. 3 , we show distributions in Δ for the DPS mode, by using eff = 15 mb. We see that these distributions are very broad and in the same ballpark as the SPS contribution. Of course, there is no minimum at Δ = 0 for the DPS distributions. Thus, we observe rather similar distributions in Δ for single and double par-ton scattering productions of different -quarkonia states. This shows that both contributions must be included in the analysis of future data on the production. Now, one would observe that the large rapidity distance between mesons means a large phase space for the emission of additional gluons. To investigate this situation, we studied the associated production of pairs with a gluon in the standard collinear factorization in Ref. [11] . There are two main contributions shown in the diagrams of Fig. 4 : first, the emission of a "leading gluon", where the gluon jet carries a large fraction of the momentum carried by one of the incoming gluons, and, second, the production of "central" gluons, which are emitted in the rapidity space between two mesons with a large difference in rapidity from either one. Some distributions, again in rapidity distance Δ between mesons, are shown in Fig. 5 . The production of leading gluons adds to the Born-result to recover the -factorization result, while the production of central gluons gives rise to an about 20% enhancement of the cross-section. Here, one may think of Δ as a large parameter which could be resummed in the future using the BFKL formalism.
Conclusions
The pair production of quarkonia is a topic that still poses puzzles to theorists. The quantitative understanding of DPS contributions requires not only a reliable formalism for its calculation but also a good understanding of SPS processes that can show a similar behavior as DPS in many kinematic variables.
For the theoretically simplest case, the production of -pairs, we have shown that the cross-sections for different combinations of quarkonia, the SPS and DPS cross-sections, are of the similar size, and both involve very broad distributions in the rapidity distance Δ .
We have also shown that an enhancement of the pair production cross-section for -pairs can be expected from the higher-order corrections, due to the large phase space of the gluon emission.
However, it turns out that the feed-down frompairs into the / -pair channel does not resolve the discrepancy between different determinations of eff .
It might be necessary to look deeper into the fundamentals of the DPS theory (see, e.g., [13] ) to understand the peculiar behavior of the charmonium pair production.
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